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Abstract—The sparse matrix solver has become a bottleneck
in simulation program with integrated circuit emphasis (SPICE)-
like circuit simulators. It is difficult to parallelize the solver
because of the high data dependency during the numeric LU
factorization and the irregular structure of circuit matrices. This
paper proposes an adaptive sparse matrix solver called NICSLU,
which uses a multithreaded parallel LU factorization algorithm
on shared-memory computers with multicore/multisocket central
processing units to accelerate circuit simulation. The solver
can be used in all the SPICE-like circuit simulators. A simple
method is proposed to predict whether a matrix is suitable for
parallel factorization, such that each matrix can achieve optimal
performance. The experimental results on 35 matrices reveal that
NICSLU achieves speedups of 2.08× ∼ 8.57× (on the geometric
mean), compared with KLU, with 1 ∼ 12 threads, for the matrices
which are suitable for the parallel algorithm. NICSLU can be
downloaded from http://nicslu.weebly.com.

Index Terms—Parallel circuit simulation, parallel LU
factorization.

I. Introduction

ASIMULATION program with integrated circuit emphasis
(SPICE) [1] circuit simulator developed by the University

of California, Berkeley, is widely used for transistor-level
simulation in integrated circuit (IC) design and verification.
However, with the growing complexity of the very large-
scale IC at nanoscale, the traditional SPICE-like simulators
require more and more time to perform accurate simulations.
It can often take days or even weeks to perform post-layout
simulations on modern processors. So, in recent decades,
parallel circuit simulation has attracted researchers’ interest,
and many attempts have been made to accelerate SPICE

cessing; 2) numeric factorization; and 3) right-hand solving
(substitution) [2]. The first step performs column/row permu-
tations to reduce fill-ins, the second step factorizes matrix A
into the product of a lower triangular matrix L and an upper
triangular matrix U, which is the most time-consuming step
among the three steps, and the last step solves the triangular
equations Ly = b and Ux = y. An important feature of the
circuit simulation flow is that, although the values of matrix
elements change during the Newton–Raphson iterations and
transient iterations, the nonzero pattern of matrix A remains
unchanged, so the preprocessing step can be performed only
once, while the last two steps are performed many times for the
iterations. Consequently, the bottleneck becomes the numeric
factorization step.

In this paper, we propose a parallel matrix solver NICSLU
by sparse LU factorization algorithm, based on the Gilbert–
Peierls (G–P) algorithm [4] and KLU algorithm [5], to ac-
celerate circuit simulation on shared-memory computers with
multicore/multisocket central processing units (CPUs). The
features of NICSLU are as follows.

1) It is performed in column-level parallelism, which is
suitable for the sparsity of circuit matrices [5].

2) It automatically decides if a matrix is suitable for the
sequential or parallel algorithm.

3) Two parallel modes (cluster mode and pipeline mode)
are statically scheduled to fit the different data depen-
dency and reduce the scheduling overheads.

4) It is based on shared-memory machines and can be
conveniently used on multicore/multisocket computers.

5) It can be used in all the SPICE-like circuit simulators.
Fig. 2 shows the overall flow of NICSLU. We have two

parallel algorithms: without partial pivoting [6] and with
partial pivoting [7]. The latter will be introduced in this paper,
which is extended from our conference paper [7]. The former
is proposed in [6], which is performed without partial pivoting.
Since the matrix elements may change drastically during the
Newton–Raphson iterations and the transient iterations, it is
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Fig. 4. (a) BBD structure and (b) master–slave parallel mode.

B. Iterative Methods

In [16], a preconditioned generalized minimal residual
(GMRES) method [17] was used to solve the linear equations
for circuits with strong parasitic couplings; this paper is limited
to the piecewise weakly nonlinear transistor model but does
not have universality. Thornquist et al. also used precon-
ditioned GMRES for transistor-level simulation [18]. Since
iterative method [19] requires precondition in each Newton–
Raphson iteration, its advantages for circuit simulation need
to be proved. A recent solver called ShyLU [20], which
combines direct method and iterative method, is not specially
targeted at circuit matrices. Other methods, such as conjugate
gradient [21] and multigrid [22], are usually used for linear
circuit simulation [23], [24].

C. Hardware Acceleration

Several parallel approaches have recently been developed
on field-programmable gate array (FPGA) [3], [25]–[28] and
graphics processing unit (GPU) [29]–[31] to accelerate the
matrix solver and/or the model evaluation step for circuit sim-
ulation. Some of them have attractive performance; however,
the scalability to large-scale circuits is limited by FPGA and
GPU on-chip resources.

D. Circuit Partitioning

Some circuit partitioning-based parallel simulation methods
have been proposed in [32]–[34]. Most of these methods
partition a circuit into several small subcircuits to build
the bordered-block-diagonal (BBD) matrix [35], as shown in
Fig. 4(a). However, although the solution of each diagonal
block can be independently parallelized, the right-bottom
block is a serious bottleneck, as BBD-based approach is in
a master–slave mode, all the slave machines send data to the
master machine [Fig. 4(b)].

The above partitioning-based methods are all flat
partitioning-based simulation approaches. Unlike these,
a hierarchical method is proposed in [36] to simulate the
power distribution networks, using macromodels to abstract
the subblocks. However, the abstracted port admittance
matrices for the subblocks are dense, which may lead to lots
of runtime and memory occupation, so they are sparsified by
dropping some small values, leading to inaccurate results.
Similar to the hierarchical method in [36], some multilevel
Newton–Raphson methods are proposed in [37]–[39]. They
abstract the subblocks by calculating the Jacobi matrices.

Another circuit partitioning-based parallel approach is
waveform relaxation [40]. However, it usually requires a
grounded capacitor at each node to guarantee convergence and
often performs poorly for feedback circuits.

E. Transient-Domain Parallelization

The parallelism of all the aformentioned methods is per-
formed at one time node during the transient iteration. The
parallelism can be also explored among different time nodes.
This method is called Wavepipe [41]; however, the reported
scalability is not very good. Another approach that explores
parallelism among different algorithms in transient simulation,
called multialgorithm parallelism [42], [43], needs many re-
dundant computation resources.

Although the scalability of the circuit partitioning-based
approaches may be better than the fast solver-based methods,
the parallel matrix solver for circuit simulation is still a
problem that has not been well solved. So, in this paper, we
develop a parallel matrix solver for circuit simulation, which
can be used in traditional SPICE-like parallel simulators or in
circuit partitioning-based methods, to solve each submatrix.

III. Preprocessing Algorithms of NICSLU

The preprocessing step of NICSLU consists of three al-
gorithms (see Fig. 2): the MC64 algorithm [44], [45] from
the HSL Mathematical Software Library [46], the approxi-
mate minimum degree (AMD) algorithm [47], and a static
symbolic factorization [5], [48], [49]. The preprocessing step
is performed only once in circuit simulation.

A. MC64 Algorithm

The MC64 algorithm [44], [45] first finds a column per-
mutation matrix Pc to maximize the sum or product of the
diagonal elements of APc. It then finds two diagonal scaling
matrices Dr and Dc, to make each diagonal element of
A1 = DrAPcDc is ±1, and each off-diagonal element is
bounded by 1 in absolute value. The MC64 algorithm can
effectively enhance the numeric stability. This step is optional
in our solver.

B. AMD Algorithm

The AMD algorithm [47] is a fill-reducing ordering algo-
rithm to minimize fill-ins for LU factorization, which finds
a symmetric row/column permutation matrix P and then
performs the symmetric ordering on the symmetric matrix
A1 + AT

1 , i.e., A2 = P(A1 + AT
1 )PT , such that factorizing A2

has much fewer fill-ins than factorizing A1. Since the runtime
of LU factorization is correlative to the fill-ins, the AMD
algorithm can reduce LU factorization time effectively.

C. Static Symbolic Factorization

This step is used to give a suggestion as to whether a matrix
should use the parallel or sequential algorithm. It is based on
the symbolic factorization algorithm in [5], [48], and [49],
without any partial pivoting or numeric computation. After this
step, we obtain the nonzero structure of L and U (the nonzero
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Algorithm 1 Left-looking G–P algorithm
L = I;
for k = 1 : n do

Symbolic factorization: determine the structure of column k,
and which columns will update column k;
Numeric factorization: solve Lx = b, where b = A(:, k);
Partial pivoting on x;
U(1 : k, k) = x(1 : k);
L(k : n, k) = x(k : n)/U(k, k);

end for

structure obtained here is not the actual structure, since the
actual structure depends on the pivot choices). In addition, the
number of floating-point operations (FLOPs) to factorize the
matrix is also predicted. Then we propose a simple method to
give the suggestion based on the following two values.

1) R1 = NNZ(L+U)
NNZ(A) , where NNZ(L + U) is the number of

nonzeros in L + U, which is predicted by the static
symbolic factorization, and NNZ(A) is the number of
nonzeros in A. R1 can be regarded as the relative fill-in.

2) R2 = FLOPs
NNZ(L+U) , which can be regarded as the average

number of FLOPs of each nonzero element in L + U.
We suggest that if (R1 ≥ 2.0 || R2 ≥ 50), the parallel algorithm
should be used; otherwise (i.e., (R1 < 2.0 && R2 < 50)) the
sequential algorithm should be used rather than the parallel
algorithm. A detailed discussion will be presented in Sec-
tion VI-C.

The preprocessing step of NICSLU is different from KLU.
In KLU, the matrix is permuted into a block triangular form
(BTF) [50] according to the characteristics of circuit matrices,
but without the MC64 algorithm. Since BTF can affect the
matrix structure, and MC64 can affect the numeric results
and pivot choices, a detailed discussion will be presented in
Section VI-D.

In the following content, we will still regard the matrix after
preprocessing step as A.

IV. LU Factorization Basics

The basic LU factorization algorithm we utilized is the left-
looking G–P algorithm [4], which is shown in Algorithms 1
and 2. It factorizes matrix A by sequentially processing each
column (k) in four steps: 1) symbolic factorization; 2) numeric
factorization; 3) partial pivoting; and 4) storing x in to U and
L (with normalization). The first three steps are introduced as
follows.

A. Symbolic Factorization

The purpose of symbolic factorization is to determine the
nonzero structure of the kth column, and which columns
will update column k (i.e., the dependency). The symbolic
factorization of column k depends on the symbolic structure
of columns 1 ∼ k − 1. Gilbert [49] has presented the theory
of symbolic factorization, a detailed depth first search-based
implementation can be found in [5] and [48]. After this step,
the numeric factorization is performed only on the nonzeros
but not all the matrix elements, since this algorithm is targeted
at sparse matrices.

Algorithm 2 Solving Lx = b, where b = A(:, k)
x = b;
for j < k where U(j, k) �= 0 do

x(j + 1 : n) = x(j + 1 : n) − L(j + 1 : n, j) · x(j);
end for

Fig. 5. Primary operation (vector multiply-and-add) in the left-looking
algorithm.

B. Numeric Factorization

This step is the most time-consuming step, and is shown in
Algorithm 2; the primary operation is the vector multiply-and-
add operation (Fig. 5). It uses all the dependent columns to
perform the numeric update on column k. The pseudocode in
Algorithm 2 indicates that the numeric factorization of column
k refers to the factorization results of some previous (left
side) columns {j|U(j, k) �= 0, j < k}. In other words, column
k depends on column j, iff U(j, k) �= 0(j < k), which means
the column-level dependency is determined by the structure
of U. If matrix A is dense, U is also dense; so column k
depends on all of its left columns (i.e., 1, 2, . . . , k − 1) and it
is a completely sequential algorithm in column level. However,
when matrix A and U are sparse, column k only depends on
part of its left columns, the parallelism can be explored from
the sparsity. This is the fundamental column-level dependency
in sparse left-looking LU factorization. In the next section, we
will introduce the column-level dependency based parallel LU
factorization algorithm.

C. Partial Pivoting

Although we can use MC64 algorithm in the preprocessing
step to enhance numeric stability, it is still possible to generate
small pivots or even zeros on the diagonal during the Newton–
Raphson iterations and the transient iterations (leading to
unstable algorithm), especially in digital circuit simulation (the
matrix entries may vary drastically according to the digital
circuit operation). So partial pivoting is still needed. It is done
by finding the largest element in each column of L, swapping
it to the diagonal when the original diagonal entry is small
enough [4], [48]. However, partial pivoting violates the matrix
permutation obtained by AMD algorithm in the preprocessing
step, so off-diagonal pivoting can increase fill-ins dramatically.

Even worse, when adopting partial pivoting, the actual
nonzero structure of L and U depends on the pivot choices
(partial pivoting can interchange the rows). Since the column-
level dependency is determined by the structure of U, the ac-
tual dependency cannot be determined before LU factorization.
The challenge is to dynamically determine the actual column-
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Fig. 7. Scheduling results using two threads.

Level definition: Given the ETree, the level of each node is
the maximum length among all the paths that connect the leaf
nodes and the node itself.

It is simple to calculate level of each node by visiting all
the nodes in a topological order

level(k) = max(−1, level(c1), level(c2), · · · ) + 1 (1)

where c1, c2, . . . are the children of node k.
Based on the definition of level, we categorize all the n

nodes into different levels, and then we obtain the EScheduler.
EScheduler definition: EScheduler is a table T (V, LV ) in

which V = {1, 2, . . . , n} corresponds to the nodes in the
ETree, and LV = {level(k)|1 ≤ k ≤ n}.

Fig. 6(d) shows an example of the EScheduler, correspond-
ing to the ETree in Fig. 6(b). The above definitions indicate
that the nodes in the same level are completely indepen-
dent; this is the commonality of these nodes. Although the
EScheduler is coarser grained than the ETree, it is sufficient
to implement the column-level parallelism and reduce the
scheduling overheads.

E. EScheduler-Guided Parallel LU Factorization

In this paper, we still use cluster mode and pipeline mode to
perform the parallel LU factorization. However, the algorithm
is different from [6].

We use Fig. 6(d) as an example to illustrate how the tasks
are scheduled by the EScheduler. Since the nodes in the
same level are completely independent, these nodes can be
calculated in parallel effectively, with little scheduling time.
We call it cluster mode. However, when the nodes in one level
become fewer, cluster mode is ineffective to achieve good
parallelism. In this case, the pipeline mode, which exploits
parallelism between dependent levels, will be used.

We set a threshold Nth to differentiate cluster mode levels
from pipeline mode levels, which is defined as the number
of nodes in one level, then the EScheduler can be divided
into two parts, the former belongs to the cluster mode and the
latter belongs to the pipeline mode. Nth = 1 is adopted in this
example, so levels 0 ∼ 1 are factorized by cluster mode, and
then the rest of the nodes are factorized in parallel by pipeline
mode. In practice, we find that Nth = 5 ∼ 20 is the optimal
value for the cases with less than 12 threads. The threshold is
a experiential value and tunable in our solver. Generally, Nth

should be greater or equal to the number of threads, otherwise
some threads may have no tasks in cluster mode.

1) Cluster Mode: All the levels belonging to cluster
mode are processed level by level. For each level, nodes
are allocated to different threads (nodes assigned to one

Fig. 8. Static scheduling method in pipeline mode parallelism.

Algorithm 3 Pipeline mode parallel algorithm for each thread

while the pipeline tail is not achieved do
Get a new unfactorized column k;
//pre-factorization:
while the previous column in the pipeline sequence is not
finished do

Clear S;
Symbolic factorization;

•determine which columns will update column k
•skip all the unfinished columns
•put the newly detected columns that column k depends on into S

Numeric factorization;
•use the columns in S to update column k

end while
//post-factorization:
Clear S;
Symbolic factorization;

•determine the exact nonzero structure of column k
•determine which columns will update column k
•without skipping any columns
•put the newly detected columns that column k depends on into S

Numeric factorization;
•use the columns in S to update column k

Partial pivoting;
Store factorization results into column k of L and U;

end while

thread are regarded as a cluster), and the load balance is
achieved by equalizing the number of nodes in each cluster.
Each thread performs the same code (i.e., the left-looking
G–P algorithm) to factorize the nodes that are assigned to
it. Node-level synchronization is not needed since the nodes
in the same level are independent, which reduces bulk of
the synchronization time. We wait for all the threads finish
factorizing the current level, and then the nodes in the next
level will be processed by the same strategy. So cluster mode
is a level-synchronization algorithm. Fig. 7 shows an example
of node allocation to two threads in the cluster mode.

2) Pipeline Mode: In pipeline mode, the dependency is
much stronger since the nodes are usually located in different
levels. Although we also call it pipeline mode, it is different
from the pipeline mode in [6].

We first sort all the nodes belonging to the pipeline mode
into a topological sequence (in the above example, the topolog-
ical sequence is 8, 9, 10), and then perform a static scheduling,
which is illustrated in Fig. 8. The task nodes of each thread
are completely assigned before the pipeline mode starts, which
also reduces the scheduling time.

In the pipeline mode, each thread also executes the same
code, as shown in Algorithm 3. The pseudocode can be parti-
tioned into two parts: prefactorization and postfactorization. In
both parts, a set S is maintained to keep all the newly detected
columns that are found in the latest symbolic factorization.
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In prefactorization, the thread (factorizing nodek) performs
a while loop, which will not end until the previous col-
umn in the pipeline sequence is Þnished. During the while
loop, the symbolic factorization and numeric factorization are
repeatedly executed. Symbolic factorization is to determine
that columns will update columnk. However, currently some
dependent columns are not Þnished, they will be skipped. (So
it is an incomplete symbolic factorization. If some columns
are still unÞnished in the later symbolic factorization, they will
be skipped again.) The newly detected columns that column
k depends on are put intoS. It then uses the columns inS
to perform numeric factorization on columnk. These columns
are marked as used and they will not be put intoS in the later
symbolic factorizations when factorizing columnk. The code
of numeric accumulation is in Algorithm 2; the difference is
that currently it uses only part of the dependent columns (i.e.,
the columns inS) to update columnk. The prefactorization
will be repeated until the previous column in the pipeline
sequence is Þnished, and then it performs the postfactorization.

In postfactorization, the thread performs a complete sym-
bolic factorization without skipping any columns (all the
dependent columns are Þnished currently), to determine the
exact nonzero structure of columnk and to detect the columns
that columnk depends on and are not used in prefactorization.
Finally, it uses these newly detected columns to do the numeric
update on columnk.

The pipeline mode exploits parallelism by prefactorization.
In the sequential algorithm, one column (k), starts strictly after
the previous column is Þnished. However, in the pipeline mode
parallelism, before the previous column Þnishes, columnk has
already performed some numeric update by some dependent,
Þnished columns.

F. Discussion on Parallel Right-Hand Solving

Although the computational cost of the right-hand-solving
step is relatively small, it will affect scalability of the solver
when the runtime of numeric factorization is signiÞcantly
reduced. The parallel strategy of right-hand solving is very
similar to the parallel factorization algorithm in [6]. The
structure ofL (U) determines the dependency of forward(back)
substitution, forward(back) substitution can be also paral-
lelized by cluster mode and pipeline mode. However, circuit
matrices are extremely sparse and the right-hand-solving step
has many fewer FLOPs than the LU factorization step, leading
to a high communication/synchronization to computation ratio;
so parallelization of right-hand solving may not be efÞcient.

VI. Experimental Results and Discussion

A. Experimental Setup

NICSLU is written in C. The experiments are implemented
on a 64-b Linux server with 2 Xeon5670 CPUs (two sockets,
six cores per socket) and 24 GB memory. Thirty-Þve matrices
from the University of Florida Sparse Matrix Collection [52]
are used to evaluate NICSLU. We also test KLU [5] as a
baseline for comparison, which is implemented with its default
conÞgurations. Both NICSLU and KLU are compiled using
gcc with the optimization ßag -O2. Two types of speedups

TABLE I

Test Benchmarks

ID Name Dimension(n) NNZ(A) Row Density
1 rajat03 7602 32 653 4.30
2 coupled 11 341 98 523 8.69
3 ckt11752Š dcŠ 1 49 702 333 029 6.70
4 ASICŠ 100ks 99 190 578 890 5.84
5 ASICŠ 100k 99 340 954 163 9.61
6 G2Š circuit 150 102 726 674 4.84
7 transient 178 866 961 790 5.38
8 Raj1 263 743 1 302 464 4.94
9 ASICŠ 320ks 321 671 1 827 807 5.68
10 ASICŠ 320k 321 821 2 635 364 8.19
11 rajat30 643 994 6 175 377 9.59
12 ASICŠ 680ks 682 712 2 329 176 3.41
13 ASICŠ 680k 682 862 3 871 773 5.67
14 Hamrle3 1 447 360 5 514 242 3.81
15 G3Š circuit 1 585 478 7 660 826 4.83
16 memchip 2 707 524 14 810 202 5.47
17 Freescale1 3 428 755 18 920 347 5.52
18 circuit5MŠ dc 3 523 317 19 194 193 5.45
19 rajat31 4 690 002 20 316 253 4.33
20 onetone1 36 057 341 088 9.46
21 onetone2 36 057 227 628 6.31
22 twotone 120 750 1 224 224 10.14
23 pre2 659 033 5 959 282 9.04
24 macŠ econŠ fwd500 206 500 1 273 389 6.17
25 mc2depi 525 825 2 100 225 3.99
26 add20 2395 17 319 7.23
27 circuitŠ 1 2624 35 823 13.65
28 circuitŠ 2 4510 21 199 4.70
29 add32 4960 23 884 4.82
30 circuitŠ 3 12 127 48 137 3.97
31 circuitŠ 4 80 209 307 604 3.84
32 hcircuit 105 676 513 072 4.86
33 dc1 116 835 766 396 6.56
34 trans4 116 835 766 396 6.56
35 circuit5M 5 558 326 59 524 291 10.71

Row density =NNZ(A)
n .

are deÞned as follows (runtime is the factorization time, in
seconds):

speedup =
runtime of KLU

runtime of NICSLU
(2)

relative speedup =
runtime of NICSLU(sequential)
runtime of NICSLU(parallel)

. (3)

The basic information of the benchmarks is shown in
Table I. Most of the matrices are from differential algebraic
equations (DAEs), except for matrices onetone1, onetone2,
twotone, and pre2 that are from frequency domain simulation;
macŠ econŠ fwd500 and mc2depi are noncircuit matrices but
have similar sparsity with circuit matrices. The number of
benchmarks we used is up to 5.55 million, which is larger than
the available test results of other software implementations [5],
[8]Ð[13]. NICSLU can be scaled to bigger problem sizes. An
important feature of circuit matrices is that they are extremely
sparse. The row density (NNZ(A)

n ) is less than 10 for most of
the benchmarks, regardless of the matrix dimension.
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TABLE II

Factorization Time and the Speedups Over KLU (With BTF)

Matrix KLU NICSLU
Benchmark (With BTF) 1 Core 4 Cores 8 Cores 12 Cores

Runtime Runtime Speedup Runtime Speedup Runtime Speedup Runtime Speedup
Set 1A Benchmarks

rajat03 0.024 0.023 1.02 0.012 1.99 0.013 1.89 0.015 1.62
coupled 0.074 0.074 1.00 0.027 2.67 0.026 2.80 0.026 2.79

ckt11752Š dcŠ 1 0.086 0.417 0.21 0.252 0.34 0.154 0.56 0.340 0.25
ASICŠ 100ks 2.924 1.793 1.63 0.636 4.60 0.398 7.35 0.325 9.00
ASICŠ 100k 2.342 1.501 1.56 0.629 3.72 0.433 5.41 0.374 6.26
G2Š circuit 13.153 12.989 1.01 3.970 3.31 2.377 5.53 2.075 6.34
transient 0.417 0.358 1.16 0.260 1.60 0.228 1.83 0.231 1.80

Raj1 110.815 1.108 100.01 0.641 172.93 0.561 197.68 0.595 186.13
ASICŠ 320ks 31.342 31.061 1.01 8.946 3.50 4.717 6.64 4.026 7.79
ASICŠ 320k 27.632 27.433 1.01 7.585 3.64 4.202 6.58 3.283 8.42

rajat30 27.498 6.661 4.13 2.879 9.55 2.074 13.26 2.123 12.95
ASICŠ 680ks 2.915 1.752 1.66 0.764 3.82 0.522 5.59 0.500 5.83
ASICŠ 680k 2.989 2.047 1.46 1.361 2.20 1.141 2.62 1.065 2.81
Hamrle3a Fail 1073.550 Š 392.018 Š 249.118 Š 209.354 Š
G3Š circuit 760.998 747.161 1.02 229.002 3.32 146.063 5.21 127.491 5.97
memchip 462.144 456.546 1.01 140.346 3.29 87.854 5.26 76.205 6.06
Freescale1 16.219 15.646 1.04 6.948 2.33 4.857 3.34 4.608 3.52

circuit5MŠ dc 90.940 89.704 1.01 27.081 3.36 15.473 5.88 12.258 7.42
rajat31 581.478 535.335 1.09 159.805 3.64 100.917 5.76 92.599 6.28

Set 1B Benchmarks
onetone1 16.373 2.373 6.90 0.601 27.24 0.319 51.38 0.274 59.78
onetone2 0.620 0.265 2.34 0.116 5.35 0.081 7.71 0.071 8.78
twotone 80.717 14.069 5.74 4.832 16.70 2.962 27.25 2.368 34.08
pre2a Fail 505.565 Š 159.423 Š 102.698 Š 91.953 Š

Set 1C Benchmarks
macŠ econŠ fwd500 13414.872 46.125 290.84 18.883 710.41 11.129 1205.41 8.965 1496.39

mc2depi 85.328 84.513 1.01 23.643 3.61 12.810 6.66 9.204 9.27
Geometric mean 2.08 5.36 7.98 8.57

Set 2 Benchmarks
add20 0.002 0.002 1.05 0.011 0.15 0.004 0.38 0.030 0.06

circuitŠ 1 0.004 0.004 1.00 0.004 1.20 0.026 0.16 0.033 0.13
circuitŠ 2 0.003 0.003 1.06 0.003 1.09 0.020 0.17 0.038 0.09

add32 0.002 0.002 0.71 0.005 0.36 0.018 0.10 0.025 0.07
circuitŠ 3 0.007 0.006 1.22 0.010 0.69 0.013 0.55 0.075 0.09
circuitŠ 4 0.032 0.025 1.27 0.068 0.47 0.063 0.50 0.062 0.51
hcircuit 0.046 0.036 1.28 0.076 0.60 0.077 0.59 0.081 0.56

dc1 0.114 0.102 1.11 0.146 0.78 0.147 0.77 0.156 0.73
trans4 0.118 0.108 1.09 0.148 0.79 0.144 0.82 0.154 0.77

circuit5M 4.346 3.299 1.32 6.129 0.71 6.390 0.68 6.888 0.63
Geometric mean 1.10 0.60 0.39 0.30

The runtime is shown in seconds.
aFor Hamrle3 and pre2, if KLU is compiled into 32-b version, it fails because of integer overßow; if it is compiled into 64-b version, it still fails because of
insufÞcient memory.

Performance pro“le: In the following results, some Þg-
ures are plotted by performance proÞle [53], which is deÞned
as follows, taking computing time as an example. Assume that
we have a solver setS and a problem setP, tp,s is deÞned as
the runtime to solve the problemp � P by solvers � S. We
want to compare the performance on problemp by solvers
with the best performance by any solver on this problem, so
performance ratio is deÞned as follows:

rp,s =
tp,s

min{tp,s : s � S}
. (4)

If solver s fails to solve problemp, tp,s is set to in-
Þnite. The performance proÞle of solvers is deÞned as

follows:

Ps(� ) =
|{p � P : rp,s � � }|

|P |
, � � 1 (5)

where | · | is the size of the set.Ps(� ) is the probability for
solvers that rp,s is within a factor� of the best possible ratio.

B. Experimental Results

Table II shows the results of NICSLU (with MC64) and
the comparison with KLU (with BTF). The runtime listed
in the table is the factorization time, excluding the runtime
of preprocessing and right-hand solving. These two steps
are not time consuming; they cost only 4.6% and 0.16%
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Fig. 9. Performance proÞleP(� ): the factorization time for Set 1 bench-
marks.

Fig. 10. Performance proÞleP(� ): the number of FLOPs.

Fig. 11. Performance proÞleP(� ): relative Þll-ins (NNZF (L+U)
NNZ(A) ).

(on arithmetic mean) of the sequential factorization time, for
the 35 test matrices.

We categorize all the benchmarks into two sets, named Set 1
and Set 2, by the proposed predictive method. We suggest
using parallel algorithm on Set 1 and sequential algorithm on
Set 2, and the results support our suggestion. We will discuss
this point in Section VI-C. Set 1 is partitioned into three
groups, Set 1A matrices are from DAEs, Set 1B matrices are
from frequency simulation, and Set 1C matrices are noncircuit
matrices that have similar sparsity with circuit matrices. Our
parallel algorithm is generally faster than KLU for Set 1

Fig. 12. Performance proÞleP(� ): the residual (|Ax Š b|1).

TABLE III

Relative Speedups and Benchmark Categorization

Matrix Relative Speedup R1 R2

Benchmark 4 Cores 8 Cores 12 Cores
Set 1A Benchmarks

rajat03 1.95 1.84 0.67 4.89 44
coupled 2.68 2.80 2.80 3.79 66
ckt11752Š dcŠ 1 1.65 2.70 1.23 3.33 37
ASICŠ 100ks 2.82 4.51 5.52 6.29 383
ASICŠ 100k 2.39 3.47 4.01 4.20 278
G2Š circuit 3.27 5.46 6.26 27.48 503
transient 1.38 1.57 1.55 2.09 113
Raj1 1.73 1.98 1.86 5.60 99
ASICŠ 320ks 3.47 6.59 7.72 2.65 283
ASICŠ 320k 3.62 6.53 8.35 2.14 218
rajat30 2.31 3.21 3.14 3.10 247
ASICŠ 680ks 2.29 3.36 3.51 2.13 185
ASICŠ 680k 1.50 1.79 1.92 1.70 152
Hamrle3 2.74 4.31 5.13 43.71 1683
G3Š circuit 3.26 5.12 5.86 49.21 1591
memchip 3.25 5.20 5.99 14.79 1663
Freescale1 2.25 3.22 3.40 3.24 192
circuit5MŠ dc 3.31 5.80 7.32 4.11 343
rajat31 3.35 5.30 5.78 17.28 1218

Set 1B Benchmarks
onetone1 3.94 7.45 8.67 8.44 415
onetone2 2.28 3.29 1.39 5.46 159
twotone 2.91 4.75 5.94 9.44 949
pre2 3.17 4.92 5.50 17.12 3812

Set 1C Benchmarks
macŠ econŠ fwd500 2.44 4.14 5.15 47.54 510
mc2depi 3.57 6.60 9.18 25.88 376
Arithmetic mean 2.72 4.24 4.71 12.62 621

Set 2 Benchmarks
add20 0.14 0.36 0.05 1.00 8
circuitŠ 1 1.20 0.16 0.13 1.21 21
circuitŠ 2 1.03 0.16 0.09 1.54 13
add32 0.51 0.14 0.10 1.00 2
circuitŠ 3 0.56 0.45 0.08 1.42 4
circuitŠ 4 0.37 0.40 0.40 1.40 12
hcircuit 0.47 0.46 0.44 1.23 4
dc1 0.70 0.69 0.66 1.47 32
trans4 0.73 0.75 0.70 1.47 32
circuit5M 0.54 0.52 0.48 1.04 18
Arithmetic mean 0.63 0.41 0.31 1.28 15

R1 = NNZ(L+U)
NNZ(A) , where NNZ(L + U) is the number of nonzeros inL + U,

predicted by static symbolic factorization.R2 = FLOPs
NNZ(L+U) , where FLOPs is the

number of ßoating-point operations predicted by static symbolic factorization.
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